In this work we obtain known and new supersymmetric extensions of diverse asymptotic symmetries defined in three spacetime dimensions by considering the semigroup expansion method. The super-BM S 3 , the superconformal algebra and new infinite-dimensional superalgebras are obtained by expanding the super-Virasoro algebra. The new superalgebras obtained are supersymmetric extensions of the asymptotic algebras of the Maxwell and the so(2, 2) ⊕ so(2, 1) gravity theories. We extend our results to the N = 2 and N = 4 cases and find that R-symmetry generators are required. We also show that the new infinite-dimensional structures are related through a flat limit ℓ → ∞.
Introduction
In recent years, infinite-dimensional symmetries have received a growing interest in the study of fluid mechanics, string theory, two-dimensional field theory, soliton theory and gravity theory among others. In particular, the infinite-dimensional (super)symmetries of the Virasoro type result to describe the boundary dynamics of three-dimensional (super)gravity theories. In particular, three-dimensional theories are worth to study and are interesting toy models since they could be useful to approach and understand open issues in higher-dimensional cases.
At the bosonic level, the asymptotic symmetry of a three-dimensional gravity in presence of a negative cosmological constant corresponds to two copies of the Virasoro algebra [1] . Such structure is obtained by considering suitable boundary conditions. In the vanishing-cosmological constant case, the symmetry of asymptotically flat spacetimes at null infinity is described by the BM S 3 algebra [2] [3] [4] which is the three-dimensional version of the BM S algebra introduced more than a half century ago [5, 6] . Extensions of the BM S 3 symmetry have been subsequently studied in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
More recently, an extended and deformed BM S 3 algebra (which we have called deformed BM S 3 algebra) appears as the asymptotic symmetry of a three-dimensional gravity theory invariant under the so-called Maxwell algebra [17] . The Maxwell symmetry has been presented in [18] [19] [20] in order to describe the presence of a constant electromagnetic field background in Minkowski space. Such symmetry has then been generalized by diverse authors with different applications [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Subsequently, a semi-simple enlargement of the BM S 3 algebra has been introduced in [34] corresponding to the asymptotic symmetry of a gravity theory invariant under the so-called AdS-Lorentz algebra which can be seen as a semi-simple enlargement of the Poincaré algebra. The AdS-Lorentz symmetry has been introduced in [35] [36] [37] [38] and has lead to diverse applications in the context of Lovelock gravity [39] [40] [41] and non-relativistic gravity theory [42] . An interesting feature of the enlarged BM S 3 algebra obtained in [34] is the connection to the deformed BM S 3 algebra through the flat limit ℓ → ∞.
A minimal supersymmetric extension of the BM S 3 algebra has been shown to describe the asymptotic structure of the N = 1 supergravity in three spacetime dimensions considering suitable boundary conditions [43] . The extensions to N = 2 [44] [45] [46] , N = 4 [47] and N = 8 [48] have later been explored by diverse authors. On the other hand, the supersymmetric extensions of the so-called deformed BM S 3 algebra and the semi-simple enlargement of the BM S 3 algebra remain unknown. Interestingly, the BM S 3 , the deformed BM S 3 and the enlarged BM S 3 algebras can alternatively be recovered by applying a semigroup expansion [49] (S-expansion) to the Virasoro algebra [50] . Furthermore, the super-BM S 3 algebra and its N -extended versions have been recently obtained applying the S-expansion to the super-Virasoro algebra [51] .
In this paper, we extend the approach of [50, 51] to others asymptotic symmetries whose supersymmetric extensions are unknown. In particular, we apply the S-expansion to the super-Virasoro algebra in order to introduce novel supersymmetric extensions of known asymptotic symmetries. The new infinite-dimensional superalgebras obtained correspond to the supersymmetric extensions of the deformed BM S 3 algebra and the enlarged BM S 3 algebra. Interestingly, they can be seen as the infinite-dimensional lifts of the Maxwell and AdS-Lorentz superalgebra introduced in [52] and [53] , respectively. Furthermore, as their respective finite subalgebras, they are related through a flat limit ℓ → ∞. We extend our results to the N = 2 and N = 4 cases and show that the new N -extended infinite-dimensional superalgebras require the presence of R-symmetry generators.
The paper is organized as follows: In section 2 we give a brief review of the S-expansion procedure and the super-Virasoro algebra. Section 3 and 4 contain our main results. In section 3, we show that known asymptotic supersymmetries can alternatively be recovered using the Sexpansion method. In section 4, we present novel supersymmetric extensions of the deformed and enlarged BM S 3 algebras applying different semigroups to the super-Virasoro algebra. The extensions to N = 2 and N = 4 are also considered. Section 5 is devoted to discussion and possible developments.
The Semigroup expansion method and Super-Virasoro algebra
The Lie algebra expansion method was first introduced in [54] and subsequently developed in [55] [56] [57] in the context of three-dimensional Chern-Simons (CS) supergravity and M-theory superalgebra. A generalization of the expansion procedure using semigroups was later presented in [49] . Such Abelian semigroup expansion method consists in combining the elements of a semigroup S with the structure constants of a Lie algebra g in order to obtain a new expanded Lie algebra G = S × g. The S-expanded Lie algebra satisfies
where T (A,α) = λ α T A are the generators of the expanded algebra G defined in terms of the generators T A of the original algebra g and in terms of the elements λ α of the semigroup S. Here C C AB are the structure constants of the original algebra g while K γ αβ is the so-called 2-selector defined by
Then, the S-expanded algebra G = S × g is a Lie algebra with structure constants Interestingly, it is possible to extract a smaller algebra of the expanded one when the semigroup has a zero element 0 S ∈ S. In particular, the algebra obtained by imposing the condition 0 S T A = 0 on the expanded algebra G is called 0 S -reduced algebra of G.
There is an alternative procedure to extract smaller algebra which requires to consider a decomposition of the original algebra g and of the semigroup S. Let g = p∈I V p be a subspace decomposition of the original algebra g, where I denotes a set of indices. Then for each p, q ∈ I it is possible to define i (p,q) ⊂ I such that
On the other hand, let us consider a subset decomposition of the semigroup S = p∈I S p such that
When such subset decomposition exists, we say that it is in resonance with the subspace decomposition of the algebra g. In particular, the subalgebra
is called the resonant subalgebra of G. Further studies of the S-expansion method have been developed by diverse authors and can be found in [58] [59] [60] [61] [62] [63] [64] [65] [66] . It is interesting to notice that non-trivial (anti-)commutation relations can be obtained by choosing suitable semigroups S and a pertinent Lie (super)algebra as the original (super)algebra g. Here we shall consider a particular infinite-dimensional superalgebra as our starting point of our construction. Let g be the super-Virasoro algebra, which we shall denote as svir and whose generators satisfy the following (anti-)commutation relations:
where c is a central extension. Such infinite-dimensional algebra can be decomposed in subspaces as
where V 0 is spanned by the bosonic generators, while V 1 is the fermionic subspace. One can note that the subspaces satisfy a graded Lie algebra,
Let us note that there is a finite subalgebra spanned by the generators ℓ 0 ,
which are related to the super-Lorentz generators through the following change of basis:
The supersymmetric extension of the Lorentz algebra has been introduced in [67] and can be used to construct an exotic supersymmetric CS action [51] . An S-expanded super-Virasoro algebra can be obtained by considering a semigroup S = {λ i } such that the new algebra is given by the direct product S × svir. The expanded generators are given in terms of the super-Virasoro ones as 11) and satisfy the (anti-)commutation relations
Here, c αβ denotes a set of central charges given by
Interestingly, the S-expanded super-Virasoro algebra has a finite subalgebra which results to be the direct product S × SL where SL is the finite super-Lorentz subalgebra of the original superVirasoro algebra. Thus, the semigroup S which allows us to obtain a new finite (super)algebra also reproduces its infinite-dimensional version. Such particularity has first been observed at the bosonic level in [50] and subsequently noticed at the supersymmetric level in [51] .
In what follows, we shall first recover known asymptotic supersymmetries using the semigroup expansion method. We then extend our methodology to obtain new supersymmetric extension of particular asymptotic symmetries. Naturally, in order to get N -extended superalgebras we shall require to consider an N -extended super-Virasoro algebra as the original superalgebra.
Known examples
It is well known that in asymptotically flat spacetimes, the BM S 3 algebra describes the asymptotic symmetry of General Relativity in three spacetime dimensions [2] [3] [4] . At the supersymmetric level, the super-BM S 3 algebra appears as the asymptotic symmetry of a three-dimensional minimal supergravity for a suitable set of asymptotically flat boundary conditions [43] . The N -extension of the BM S 3 algebra has subsequently been explored by diverse authors in [44] [45] [46] [47] [48] . In particular, the N -extended super-BM S 3 algebras can alternatively be obtained by performing a suitable contraction of the N -extended superconformal algebras [68] .
Recently, it has been shown in [51] that the N -extended super-BM S 3 algebra can also be recovered through the semigroup expansion method considering an N -extended super-Virasoro algebra as the original superalgebra. Here we briefly review the obtention of the super-BM S 3 algebra following [51] . Then, we show that the superconformal algebra can also be obtained considering a different semigroup.
Super-BMS 3 algebra
As was shown in [51] , the super-BM S 3 algebra appears as an S-expansion of the super-Virasoro algebra (2.7). This can be done by considering S (2) E = {λ 0 , λ 1 , λ 2 , λ 3 } as the relevant Abelian semigroup whose elements satisfy
where λ 3 = 0 S is the zero element of the semigroup. A particular subset decomposition S
is said to be resonant since it satisfies the same structure than the subspaces (2.9),
3)
The minimal super-BM S 3 algebra is obtained after extracting a resonant subalgebra of S
E × svir and performing a 0 S -reduction. In particular, the super-BM S 3 generators are related to the superVirasoro ones through
Then, using the multiplication law of the semigroup (3.1) and the (anti-)commutation relations of the super-Virasoro algebra (2.7), one finds the (anti-)commutators of the minimal super-BM S 3 algebra with two central charges [43, 69] :
The central charges c 1 and c 2 are related to the N = 1 CS Poincaré supergravity action with
where α 0 and α 1 are the respective coupling constants of the exotic CS term and the Einstein-Hilbert term, respectively. It is interesting to note that the super-BM S 3 algebra (3.5) is isomorphic to the supersymmetric extension of the two-dimensional Galilean conformal algebra introduced in [70, 71] . One can notice that the super-BM S 3 algebra has a finite subalgebra spanned by
which are related to the Poincaré superalgebra through the following change of basis:
and using a non-diagonal Minkowski metric
Interestingly, such subalgebra can also be obtained by considering the S
E -expansion of the superLorentz subalgebra of the super-Virasoro. Indeed, as was shown in [51] , the super Poincaré structure appears as an S (2) E -expansion of the super-Lorentz algebra. Such particularity was also observed at the bosonic level for the BM S 3 algebra in [50] . An alternative procedure to derive the BM S 3 algebra using an algebraic operation can be found in [72] .
The generalizations to N = 2 and N = 4 using the semigroup expansion method can be found in [51] .
Superconformal algebra
The superconformal algebra with (1, 0) supersymmetry can be obtained by considering a particular S-expansion of the super-Virasoro algebra (2.7). In fact, let S (1) L = {λ 0 , λ 1 , λ 2 } be the relevant semigroup whose elements satisfy the following multiplication law
with λ 2 = 0 S being the zero element of the semigroup. Let us consider now a resonant decomposition of the semigroup
which satisfies
Then, the resonant subalgebra is given by
with V 0 and V 1 being the subspaces of the super-Virasoro algebra. The superconformal algebra is obtained after performing a 0 S -reduction whose generators are related to the super-Virasoro ones throughL
In particular, using the multiplication law of the semigroup (3.9) and the (anti-)commutation relations of the super-Virasoro algebra (2.7), one finds the (anti-)commutators of the superconformal algebra:
14)
Such infinite-dimensional superalgebra corresponds to two copies of the Virasoro algebra, one of which is supersymmetric, and results to be the corresponding asymptotic symmetry of the threedimensional supergravity theory. Let us note that a flat limit can be performed by considering first a redefinition of the generators, 15) which allows us to rewrite the superconformal algebra as the infinite-dimensional lift of the AdS
where we have defined c 1 = c −c and c 2 = 1 ℓ (c +c). In particular, the central charges c 1 and c 2 are related to the minimal CS AdS supergravity action with
where α 0 and α 1 are the respective coupling constant of the exotic Lagrangian term and EinsteinHilbert term. One can see that the superconformal algebra in the basis {J m , P m , G r } reproduces the super-BM S 3 algebra (3.5) in the flat limit ℓ → ∞. Let us note that the superconformal algebra (3.16) contains a finite subalgebra spanned by J 0 ,
which are related to the AdS superalgebra through the following change of basis:
As it is well known, the generators of the AdS superalgebra can be rewritten as two copies of the Lorentz algebra, one of which is augmented by supersymmetry. Such superalgebra, which results to be the finite subalgebra of the superconformal algebra in the basis L m ,L m , Q r , appears as a 0 S -reduced resonant expansion of the super Lorentz algebra using the same semigroup S
L . The following diagram summarizes our constructions and relationship:
Along the paper we shall see that such diagram can be generalized to an enlarged symmetry.
(1, 1) superconformal algebra
For completeness we extend our method to obtain the (1, 1) superconformal algebra. This can be done by considering the same semigroup S 
Then, the (1, 1) superconformal algebra is obtained by performing the 0 S -reduction with λ 2 = 0 S . In particular, the (1, 1) superconformal generators are related to the super-Virasoro ones through
The (anti-)commutators of the expanded superalgebra appears using the multiplication law of the semigroup (3.9) and the original commutators of the super-Virasoro algebra:
which corresponds to two copies of the super-Virasoro algebra. Let us note that such structure can also be derived from the N = (2, 0) superconformal algebra [68] . Interestingly, the N = 2 super-BM S 3 algebra can be recovered as a flat limit after a suitable redefinition of the generators. In fact, the (1, 1) superconformal algebra can be rewritten as the infinite-dimensional lift of the N = 2 super-AdS algebra
where we have considered the following redefinitions of the generators,
with c 1 = c −c and c 2 = 1 ℓ (c +c). Let us note that the (1, 1) superconformal algebra written in the basis J m , P m , G i r leads to the N = 2 super-BM S 3 algebra in the flat limit ℓ → ∞. An alternative way to obtain a N = 2 super-BM S 3 algebra in presence of R-symmetry generators R m has been presented in [51] by expanding a N = 2 super-Virasoro algebra. The N = 2 super-BM S 3 algebra can also be recovered from the N = 4 super-BM S 3 appearing in [68] after setting some fermionic generators to zero. On the other hand, a "despotic" contraction of the N = (2, 2) superconformal algebra reproduces an inequivalent N = 2 super-BM S 3 algebra [44] .
New examples 4.1 Supersymmetric extension of the asymptotic algebra of the Maxwell gravity theory
In three spacetime dimensions, the Maxwell algebra has the following non-vanishing commutation relations:
where J a is the Lorentz generator, P a is the translation generator and Z a is the so-called gravitational Maxwell generator. Such symmetry has been introduced in [18] [19] [20] in order to describe a particle moving in a four-dimensional background in presence of a constant electromagnetic field. As shown in [17, 27, 28, 30] , a three-dimensional CS action invariant under the Maxwell symmetry reads
where e a is the vielbein, ω a corresponds to the spin connection, σ a is the gravitational Maxwell gauge field, R a = dω a + 1 2 ǫ abc ω b ω c is the Lorentz curvature and T a = D ω e a is the torsion two-form. More recent results have been presented in [73, 74] in the dual version of the Maxwell algebra known as Hietarinta algebra [75] . The Hietarinta symmetry appears by interchanging the role of the Maxwell gravitational generator Z a with the momentum generator P a .
Interestingly, the boundary dynamics results to be described by an enlargement and deformation of the BM S 3 algebra with three independent central charges [17] . As the Maxwell algebra, the asymptotic symmetry contains an additional Abelian generator Z m which modifies the BM S 3 symmetry as follows
Here, the central charges c 1 , c 2 and c 3 are related to the three terms of the CS action (4.2) with
Let us note that the Maxwell algebra (4.1) is a finite subalgebra of the deformed BM S 3 algebra (4.3) spanned by J 0 , J 1 , J −1 , P 0 , P 1 , P −1 and Z 0 , Z 1 , Z −1 with
The supersymmetric extension of the extended and deformed BM S 3 algebra (4.3) is unknown. Although the minimal and N -extended CS supergravity theory based on a N -extended Maxwell superalgebra has been studied in [53, 76] , the asymptotic structure remains unexplored. Here, using the semigroup expansion method we shall construct different supersymmetric extensions of such deformed BM S 3 algebra. We conjecture that the new infinite-dimensional superalgebras obtained here would correspond to the asymptotic symmetries of three-dimensional CS supergravity theories invariant under the N -extended Maxwell superalgebra. The explicit obtention of such infinitedimensional superalgebras by imposing suitable boundary conditions would be explored in a future work.
Minimal deformed super-BM S 3 algebra
Let us consider the S-expansion of the super-Virasoro algebra (2.7) with S (4) E = {λ 0 , λ 1 , λ 2 , λ 3 , λ 4 , λ 5 } as the relevant finite semigroup whose element satisfy the following multiplication law
with λ 5 = 0 S being the zero element of the semigroup. Let S
be the resonant subset decomposition. One can see that such decomposition has the same structure than the super-Virasoro subspaces (2.9),
8)
A supersymmetric extension of the deformed BM S 3 algebra (4.3) is obtained by considering a resonant subalgebra of S
E × svir and performing a 0 S -reduction. Denoting the generators (2.11) and the central charges (2.12) of the corresponding S-expanded superalgebra as
the 0 S -reduced and resonant S (4) E -expanded superalgebra satisfies the following non-vanishing (anti-)commutation relations:
Such infinite-dimensional superalgebra is the minimal supersymmetric extension of the so-called deformed BM S 3 algebra (4.3) and appears by combining the semigroup multiplication law (4.6) with the original (anti-)commutators of the super-Virasoro algebra (2.7). Such supersymmetric extension is characterized by the introduction of an additional spinor charge H r whose presence assures the Jacobi identity (P, G, G). Analogously to its bosonic version, the deformed super-BM S 3 algebra contains a finite subalgebra spanned by the generators J 0 ,
which are related to the minimal Maxwell superalgebra
This means that the minimal deformed super-BM S 3 algebra (4.10) obtained here corresponds to an infinite-dimensional lift of the minimal Maxwell superalgebra in the very same way as the deformed BM S 3 algebra is an infinite-dimensional lift of the Maxwell algebra. In particular, the super-Maxwell generators satisfy the following non-vanishing (anti-)commutators:
The supersymmetrization of the Maxwell algebra is not unique and have been studied by diverse authors [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] . However as was discussed in [53] , the superalgebra spanned by {J a , P a , Z a , Q α , Σ α } is the minimal supersymmetric extension of the Maxwell algebra allowing to define a consistent supergravity action in three spacetime dimensions. Let us note that the presence of a second Abelian spinorial charge has already been discussed in the context of superstring theory [89] and D = 11 supergravity [90] .
As an ending remark, it is worth it to mention that the three-dimensional minimal Maxwell supergravity theory constructed in [53] has directly been obtained through the semigroup expansion using S (4) E as the relevant finite semigroup. This means that the minimal deformed super-BM S 3 algebra presented here satisfies the same expansion relation as its finite-dimensional subalgebra. This is not a surprised as we have already discussed in the BM S 3 and conformal case. As we shall see, this particular feature will also appear in the N -extended case and others symmetries.
N = 2 deformed super-BM S 3 algebra
The extension to N = (2, 0) of the deformed super-BM S 3 algebra requires to consider the N = 2 super-Virasoro algebra as the starting point. Interestingly, the N = 2 deformed super-BM S 3 algebra obtained through the semigroup expansion procedure corresponds to the supersymmetric extension of the deformed BM S 3 algebra (4.3) endowed with threeû (1) current algebra.
The N = 2 super-Virasoro algebra, which we shall denote as svir (2) , is characterized by the presence of an R-symmetry generator R m and its (anti-)commutators are given by
One can notice that the N = 2 super-Virasoro algebra can be decomposed in a bosonic subspace V 0 = {ℓ m , R m , c} and a fermionic subspace
where they satisfy a graded Lie algebra (2.9).
On the other hand, let us consider S
, λ 5 } as the relevant finite semigroup whose elements satisfy the multiplication law (4.6) and λ 5 = 0 S being the zero element of the semigroup. Let S (4) 15) be the subset decomposition which is resonant with the subspace decomposition (4.14). Then, an S-expanded superalgebra generated by the set J m , P m , Z m , T m , B m , Z m , G i r , H i r , c 1 , c 2 , c 3 can be obtained by considering a 0 S -reduced resonant subalgebra of S (4) E × svir (2) . In particular, the expanded generators and central charges are related to the N = 2 super-Virasoro ones through
(4.16) Such generators satisfy an N = 2 supersymmetric extension of the deformed BM S 3 algebra whose (anti-)commutation relations are directly obtained by combining the multiplication law of the semigroup (4.6) and the original (anti-)commutators of the N = 2 super-Virasoro algebra (4.13). In fact, the (anti-)commutators of the S-expanded superalgebra are given by
Such N = 2 deformed super-BM S 3 algebra differs from the N = 1 one by the presence of additional bosonic generators. In particular, one can see that the anticommutator of the supercharges G i r closes to a combination of P, B and a central charge c 2 . On the other hand, the anticommutator of the supercharges G i r and H i r closes to a combination of Z, Zand a central charge c 3 . The present superalgebra can be seen as the N = 2 supersymmetric extension of deformed BM S 3 algebra endowed withû (1)×û (1)×û (1) current algebra. This can be seen more clearly by the fact that the infinite-dimensional superalgebra obtained here can alternatively be recovered as an Inönü-Wigner contraction of three copies of a Virasoro algebra, two of which augmented by supersymmetry, endowed with an affineû (1) current algebra. In particular, theû (1) current generators k n ,k n ,k n are related to the N = 2 deformed super-BM S 3 ones through the following redefinitions 20) where the limit ǫ → 0 reproduces the N = 2 deformed super-BM S 3 algebra presented here. The presence ofû (1) current generators in asymptotic symmetries is not new and has already be considered in BM S 3 algebra [13, 14, 91] and N = 2 super-BM S 3 algebra [51] . One can note that the central extension of the N = 2 Maxwell superalgebra endowed with so (2) internal symmetry generators [76] appears as a finite subalgebra of the N = 2 deformed super-BM S 3 algebra. Such subalgebra is spanned by the generators
and H ± 1 2 which are related to the N = 2 Maxwell superalgebra {J a , P a , Z a , T, B, Z, Q, Σ} as follows
Remarkably, the central extension of the N = 2 Maxwell superalgebra endowed with so (2) internal symmetry generators allows to define an invariant non-degenerate inner-product which provides us with a consistent three-dimensional supergravity action [76] . Interestingly, analogously to the results presented here, the N = 2 Maxwell supergravity theory can alternatively be obtained by considering an S-expansion of the N = 2 super Lorentz algebra using the same semigroup S
E .
N = 4 deformed super-BM S 3 algebra
Here we extend our construction to the obtention of the N = (4, 0) deformed super-BM S 3 algebra by considering an S (4) E -expansion of the N = 4 super-Virasoro algebra. The infinitedimensional superalgebra obtained corresponds to the supersymmetric extension of the deformed BM S 3 algebra (4.3) endowed with three su (2) current algebra.
Let us consider the N = 4 super-Virasoro algebra whose (anti-)commutation relations are given by [92] [
where σ a ij = σ a ji are the Pauli matrices, i, j = 1, 2 and a, b, c = 1, 2, 3. As the N = 1 and N = 2 version, the N = 4 super-Virasoro algebra can be written as the direct sum of a bosonic subspace V 0 = {ℓ m , R a m , c} and a fermionic one
E = {λ 0 , λ 1 , λ 2 , λ 3 , λ 4 , λ 5 } be the relevant Abelian semigroup whose elements satisfy (4.6). Then, by considering the resonant decomposition (4.15) and applying a resonant 0 S -reduction S (4) Eexpansion of the N = 4 super-Virasoro algebra we find an expanded algebra spanned by the set of generators:
The expanded generators and central charges can be written in terms of the N = 4 super-Virasoro ones through the semigroup elements as
Using the semigroup multiplication law (4.6) and the original (anti-)commutators of the N = 4 super-Virasoro algebra (4.22) one can see that the expanded generators satisfy a N = 4 deformed super-BM S 3 algebra whose (anti-)commutation relations are given by (4.3) and
Such infinite-dimensional superalgebra corresponds to the N = 4 supersymmetric extension of the deformed BM S 3 algebra endowed with su (2) current algebra spanned by k a m ,k a m andk a m . The su (2) current generators are related to T a m , B a m and Z a m through the following redefinitions:
One can note that the presence of the Z m , H i,± r and Z a m generators extends and deforms the N = 4 super-BM S 3 algebra presented in [51] .
On the other hand, such infinite-dimensional superalgebra contains a finite subalgebra which corresponds to the central extension of the N = (4, 0) Maxwell superalgebra endowed with internal symmetry generators [76] . Indeed, the set of generators
with m, n = 0, ±1 and r = ± 1 2 reproduces the N = 4 Maxwell superalgebra. It is worth it to mention that the N = 4 Maxwell superalgebra can also be obtained by applying an S-expansion to the N = 4 super Lorentz algebra considering the same semigroup S (4) E used to obtain the N = 4 deformed super-BM S 3 algebra.
4.2 Supersymmetric extension of the asymptotic algebra of the so (2, 2) ⊕so (2, 1) gravity theory
A semi-simple enlargement of the Poincaré symmetry has been introduced in [35] [36] [37] [38] which can be seen as the direct sum of the Lorentz and AdS algebra. In three spacetime dimensions, the so-called AdS-Lorentz algebra can be written in the basis {J a , P a , Z a } whose generators satisfy
where Z a are non-Abelian generators. Interestingly, in such basis, the Maxwell algebra (4.1) can also be obtained as a flat limit ℓ → ∞ of the AdS-Lorentz algebra. Such limit can be reproduced not only at the bosonic level but also at the supersymmetric [53, 76, 93] , non-relativistic [42, 94] , higher-spin [95] and asymptotic level [34] . The three-dimensional CS gravity action invariant under the AdS-Lorentz algebra (4.28) reads [28, 34, 37, 42, 96] 
where, R a = dω a + 1 2 ǫ abc ω b ω c is the Lorentz curvature two-form, T a = D ω e a is the torsion two-form and F a = D ω σ a + 1 2ℓ 2 ǫ abc σ b σ c is the curvature two-form related to σ a . An explicit realisation of the asymptotic symmetry at null infinity was presented in [34] and turned out to be a semi-simple enlargement of the BM S 3 algebra: Such enlarged BM S 3 algebra results to be isomorphic to three copies of the Virasoro algebra. Indeed, by considering the following change of basis
one can rewrite the enlarged BM S 3 algebra as three copies of the Virasoro algebra, 33) with the following central charges
It is interesting to note that the AdS-Lorentz algebra (4.28) is a finite subalgebra of the enlarged BM S 3 algebra (4.30). In fact, the finite set of generators {J m , P m , Z m } with m = 0, ±1 is related to the AdS-Lorentz ones through the following redefinitions
As the Maxwell gravitational theory, the supersymmetric extension of such semi-simple enlargement of the BM S 3 algebra remains an open issue. Here, we explore diverse supersymmetric extension of the enlarged BM S 3 algebra by S-expanding the N -extended super-Virasoro algebra for N = 1, 2 and 4. One could argue that the new infinite-dimensional superalgebras presented here would be the respective asymptotic symmetries of three-dimensional AdS-Lorentz CS supergravity theories.
Minimal enlarged super-BM S 3 algebra
Let us consider the super-Virasoro algebra (2.7) as our starting algebra. Let S (4) M = {λ 0 , λ 1 , λ 2 , λ 3 , λ 4 } be the relevant semigroup whose elements satisfy the following multiplication law
One can notice that, unlike the S E semigroups, there is no zero element in the S M family. The absence of zero element implies that there is no vanishing commutation relations in the expanded algebra.
Let us consider now a subset decomposition S (4)
which is resonant since it satisfies the same structure than the subspaces (2.9). A resonant subalgebra can be performed 
Such infinite-dimensional superalgebra is a supersymmetric extension of the enlarged BM S 3 algebra presented in [34] and turns out to be the infinite-dimensional lift of the minimal AdS-Lorentz superalgebra introduced in [53] . In fact, one can note that the set of generators {J m , P m , Z m , G r , H r } with m = 0, ±1 and r = ± 1 2 defines a finite subalgebra which reproduces the minimal AdS-Lorentz superalgebra spanned by {J a , P a , Z a , Q, Σ} through the change of basis (4.11) considered in the deformed super-BM S 3 case. In particular, the (anti-)commutators of the minimal AdS-Lorentz superalgebra are given by (4.28) and
Further supersymmetric extensions of the AdS-Lorentz have also been explored in four spacetime dimensions allowing to introduce a generalized cosmological constant term in supergravity [97] [98] [99] [100] . The (anti-)commutation relations (4.42) can alternatively be obtained as an S-expansion of the super-Lorentz algebra using the same semigroup S
M . On the other hand, as it bosonic version, the limit ℓ → ∞ of the minimal AdS-Lorentz superalgebra reproduces the minimal Maxwell superalgebra (4.12). It is interesting to notice that such limit can also be applied at the infinitedimensional level. Indeed the limit ℓ → ∞ applied to the minimal enlarged super-BM S 3 algebra leads to the minimal deformed super-BM S 3 algebra obtained previously. The following diagram summarizes the expansion and limit relations:
There is an alternative basis in which the enlarged super-BM S 3 algebra can be rewritten. Indeed three copies of the Virasoro algebra, two of which augmented by supersymmetry, are revealed after the following redefinitions:
43)
Specifically, the (anti-)commutators are given by
This corresponds to the direct sum vir ⊕ svir ⊕ svir and can be seen as the direct sum of the (1, 1) superconformal algebra (3.21) and the Virasoro algebra. Naturally the occurrence of such structure is due to the fact that the finite AdS-Lorentz superalgebra is, in three spacetime dimensions, isomorphic to three copies of the so (2, 1) algebra, two of which augmented by supersymmetry.
N = 2 enlarged super-BM S 3 algebra
A N = (2, 0) enlarged super-BM S 3 algebra can be obtained considering the same semigroup S (4) M but starting from the N = 2 super-Virasoro algebra (4.13). Let us consider the subspace decomposition svir 2 = V 0 ⊕ V 1 , with
which satisfies a graded Lie algebra (2.9). Let S (4) M = {λ 0 , λ 1 , λ 2 , λ 3 , λ 4 } be the relevant semigroup whose elements satisfy the multiplication law (4.36) and let S (4) M = S 0 ∪ S 1 be the resonant subset decomposition with 46) which satisfies the same structure as the subspaces (4.45).
After applying a resonant S
M -expansion to the N = 2 super-Virasoro algebra one finds a new N = 2 infinite-dimensional superalgebra spanned by the set
r , H i r , c 1 , c 2 , c 3 whose generators are related to the super-Virasoro ones through the semigroup elements as follows
One can show that the expanded generators satisfy an N = 2 supersymmetric extension of the enlarged BM S 3 algebra (4.30) endowed with internal symmetry algebra. In particular, the (anti-)commutation relations can directly be obtained by combining the original (anti-)commutation relations of the N = 2 super-Virasoro algebra (4.13) and the multiplication law of the semigroup (4.36). Indeed, the N = 2 enlarged super-BM S 3 algebra is given by its bosonic subalgebra (4.30) and
The N = 2 supersymmetric extension of the enlarged BM S 3 algebra requires the introduction of new bosonic generators {T m , B m , Z m } which satisfy internal symmetry algebras. Their presence is due to the R-symmetry generator appearing in the N = 2 super-Virasoro algebra. Interestingly, a particular redefinition of the generators allows us to rewrite the present infinite-dimensional superalgebra as three copies of the Virasoro algebra, two of which are augmented by supersymmetry, endowed with aû (1) current algebra. In particular, the structure in presence ofû (1) current generators is apparent by considering the following redefinitions
With these redefinitions the (anti-)commutation relations (4.30), (4.48) and (4.49) change into
The infinite-dimensional superalgebra (4.51) corresponds to the direct sum of the (2, 2) superconformal algebra and the Virasoro algebra endowed with aû (1) current algebra. In particular theû (1) current generators k + m and k − m are R-symmetry generators each one belonging to a N = 2 superVirasoro algebra. Although such structure seems more natural, the N = 2 enlarged super-BM S 3 algebra reproduces the N = 2 deformed super-BM S 3 algebra (4.17)-(4.19) in the limit ℓ → ∞ considering the basis
r , H i r . Naturally, the diagram summarizing the expansion and limit relations appearing in the minimal case can also be reproduced in the N = 2 case showing that the expansions and flat limit appearing at the infinite-dimensional level are also present in their finite subalgebras.
On the other hand, one can note that the N = 2 AdS-Lorentz superalgebra endowed with so (2) internal symmetry generators [76] is as a finite subalgebra of the N = 2 enlarged super-BM S 3 algebra. Indeed, the subalgebra spanned by the generators
and H ± 1 2 are related to the N = 2 AdS-Lorentz superalgebra {J a , P a , Z a , T, B, Z, Q, Σ} by considering the redefinitions (4.21).
N = 4 enlarged super-BM S 3 algebra
For completeness we provide with the N = 4 enlarged super-BM S 3 algebra which corresponds to the infinite-dimensional lift of the N = 4 AdS-Lorentz superalgebra endowed with internal symmetry algebra. The new infinite-dimensional superalgebra can be obtained by applying an Sexpansion of the N = 4 super-Virasoro algebra (4.22) . In particular, considering S 
Here,σ a ij = σ a ji with σ a being the Pauli matrices. Furthermore, the fermionic generators G i,± r and H i,± r , with r = ± 1 2 satisfy the following (anti-)commutation relations:
It is interesting to note that the N = 4 deformed super-BM S 3 algebra given by (4.3), (4.25) and (4.26) can alternatively be recovered by applying a flat limit ℓ → ∞ to the present N = 4 enlarged super-BM S 3 algebra. In particular, the internal symmetry generator Z a r is no more a R-symmetry generator after the limit ℓ → ∞. Such flat limit can also be reproduced at the finite subalgebra level. Indeed, the finite set of generators
with m = 0, ±1
and r = ± 1 2 reproduces the N = 4 AdS-Lorentz superalgebra [76] . As was discussed in [76] , the N -extended AdS-Lorentz superalgebra leads to the N -extended Maxwell superalgebra in the limit ℓ → ∞ which results to be the finite subalgebra of the N -extended deformed super-BM S 3 algebra. In particular, the internal symmetry generator Z a m with m = 0, ±1 becomes a central charge after the flat limit.
Note that the semigroup used to obtain the N -extended enlarged super-BM S 3 algebra from the N -extended super-Virasoro algebra is the same used to recovered the N -extended AdS-Lorentz superalgebra from an N -extended super-Lorentz algebra. The following diagram summarizes the limit and expansion relations present in the new infinite-dimensional algebras and their finite subalgebra:
Let us note that the N = 4 enlarged super-BM S 3 can be rewritten in an alternative basis. Indeed a particular redefinition of the generators allows us to rewrite the infinite-dimensional su-peralgebra as three copies of the Virasoro algebra, two of which augmented by supersymmetry, endowed with su (2) current generators:
Such structure is revealed by considering the following redefinitions
(4.59) Thus the N = 4 enlarged super-BM S 3 algebra given by (4.30), (4.53), (4.54) and (4.55) can be seen as the direct sum of the (4, 4) superconformal algebra and the Virasoro algebra endowed with a su (2) current algebra. In particular, the su (2) current generators k a m andk a m present in the (4, 4) superconformal algebra correspond to su (2) R-symmetry generators.
Non-standard enlarged super-BM S 3 algebra
An alternative supersymmetric extension of the so-called enlarged BM S 3 algebra (4.30) can be obtained considering a different semigroup and a different starting infinite-dimensional algebra.
Let us consider the superconformal algebra:
which, as was discussed in section 3.2, can be written as two copies of the Virasoro algebra, one of which is augmented by supersymmetry. Let g = V 0 ⊕ V 1 ⊕ V 2 be a subspace decomposition where V 0 corresponds to the Virasoro subalgebra which is generated by {J m , c 1 }, V 1 is the fermionic subspace spanned by G r and V 2 is the bosonic subspace generated by the set {P m , c 2 }. One can notice that the subspaces satisfy
M = {λ 0 , λ 1 , λ 2 } be the relevant semigroup whose elements satisfy
and let us consider the following subset decomposition S
which is resonant since they satisfy the same structure than the subspaces V 0 , V 1 and V 2 . Then, the resonant subalgebra is given by
A new supersymmetric extension of the enlarged BM S 3 algebra is obtained after performing a resonant S
M -expansion whose generators are related to the superconformal ones through
Then, using the (anti-)commutation relations of the superconformal algebra (4.60) and the multiplication law of the semigroup (4.62), one find the non-standard enlarged super-BM S 3 algebra: The new superalgebra obtained corresponds to the infinite-dimensional lift of a particular AdSLorentz superalgebra introduced in [101] . One can see that the finite subalgebra spanned byJ 0 ,
are related to the super AdS-Lorentz ones through The main difference with the enlarged super-BM S 3 algebra (4.40)-(4.41) introduced previously is the absence of a second spinor charge. Then, it seems that the connection with the deformed super-BM S 3 algebra, which possesses two spinor charges G r and H r , cannot be done from this non-standard enlarged super-BM S 3 algebra. Nevertheless, a non-standard deformed super-BM S 3 algebra can be obtained considering an Inönü-Wigner contraction to (4.66) . Indeed, the rescaling of the generators of (4.66)
m ,G r → σG r , c 1 →c 1 ,c 2 → σc 2 ,c 3 → σ The name "non-standard" is due to its finite subalgebra which corresponds to the so-called nonstandard Maxwell superalgebra [78, 102] . Such supersymmetric extension of the Maxwell algebra has the particularity that the four-momentum generatorsP a are no more expressed as bilinear expressions of the fermionic ones leading to an exotic three-dimensional supersymmetric action. As was discussed in [53] , a well-defined supergravity action invariant under a supersymmetric extension of the Maxwell algebra requires the introduction of a second spinorial charge.
Conclusions
The S-expansion procedure has been useful to obtain new (super)symmetries and novel (super)gravity theories. Here, based on the recent applications of the S-expansion method in the asymptotic symmetries context [50, 51] , we have obtained known and new supersymmetric extensions of asymptotic symmetries of diverse three-dimensional gravity theories. By expanding the super-Virasoro algebra we have found the minimal supersymmetric extensions of the asymptotic algebras of the Maxwell gravity [17] and so (2, 2)⊕so (2, 1) gravity [34] theories defined in three spacetime dimensions. The new infinite-dimensional superalgebras obtained can be seen as enlargement, extension and deformation of the super-BM S 3 algebra and corresponds to infinite-dimensional lift of the AdS-Lorentz and Maxwell superalgebras.
The N -extensions of our results have also been considered with N = 2 and N = 4. We have found that the new N -extended infinite-dimensional superalgebras involve new features. Indeed, in the N = 2 case we have shown thatû (1) R-symmetry generators are required. On the other hand, in the N = 4 case, we have su (2) R-symmetry generators. Interestingly, we have shown that the N -extended enlarged super-BM S 3 and the N -extended deformed super-BM S 3 algebras are related through a flat limit ℓ → ∞. Such limit is not a particularity of the infinite-dimensional superalgebras obtained but is already present at the finite level [53, 76] . Indeed, the expansion and limit relations appearing in its respective finite subalgebras are reproduced at the infinitedimensional level.
We conjecture that the new infinite-dimensional structures introduced here are the respective asymptotic supersymmetries of the three-dimensional Maxwell and AdS-Lorentz supergravities presented in [53, 76] . It would be interesting to explore the explicit obtention of our infinite-dimensional superalgebras by imposing suitable boundary conditions [work in progress].
Another aspect that it would be worth exploring is the connection of our new infinite-dimensional superalgebras with the two-dimensional super Galilean conformal algebra (GCA) [70, 71, 103] . In particular, one could expect to obtain a deformed super-GCA algebra by contracting the relativistic (1, 1) Superconformal ⊕ Virasoro algebra obtained here. It would be interesting to evaluate if the deformed super-BM S 3 algebra introduced here is isomorphic to a deformed super-GCA [work in progress].
As an ending remark: It would be worth it to generalize the recent results obtained with the algebraic expansion method at the non-relativistic level [42, 94, [104] [105] [106] . It would be interesting to study the non-relativistic version of the Maxwell and AdS-Lorentz superalgebra using the Sexpansion method.
